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w_` l Zbgv¥u`<sXZ]qTZ]ghw£qfruqnehWYX`1X_ 
O PRQ  +F #)TSSU  Q 9V )$!;W #+
² u` k  q l wUgvZb`<w#Zbj l `)ghr/ghfj l `ygxX l d l qn^a^agvru«ehqfrUfjtqnf`)gvrusU`_J`_rusY`<r3Z,cujYZ,Zbd^aqf­f`ZbU`
 l `1X`<rZqTZ]gvdr¼^:d l `:w#druw l `#Z]`)+`)gheve
juXb`:qLuq l Zbgxw#juehq l exqnrUjuqn`£ZbdgvehehjuX[Z l qnZb`ZbU`: l gvrtw#ghUev`1Xpdf
dj l qnu l d3qfwz  .j l `#µUqn^aUeh`£ l df l qf^:^aghrU:ehqfrUfjuqff`,gxXqnr&gh^:J` l qTZ]gv`, l qff^a`_r3Zdf03q|TqcPW3Zb`
w_dYsY` ZbuqnZdfJ` l qTZ]`<X
draq,Pg l Z]juqneY^FqwUgvru`gªZ]«qnradfJ` l qnrusaXZ]qw­JÂq£X`_ZNdn?evdYw_qfeUTq l ghqfcUeh`<X/qnrts:q
u`<qnadf'q lbl q|WYX_  (  l df l qn^ghXNq£Xb`<i3jU`<ruw#`pdnJZ l gvUeh`<X
(p1, instr , p2)
^a`1qnrUghrU,ZbtqTZAw_dfr3Z l dfeYuqXbXb`<X







² U`FghruXZ l juw§Z]gvdr®X`_Z)w#dfr3ZqnghruX,dfJ` l qTZ]d l Xpd l XZ]qfw­8^aqfrUghUjUexqTZbghdfrtX_Âgvr3Zb`<f` l q l gªZ]U^a`#ZbgxwFqnrts
d l/l `1qfsYghrUtÂfX[Z]d l gvru,qfrus:gvrtw l `_^a`_r3ZbghrU£ehdYw_qneYTq l gxqncUeh`<X< VYt`1w#gv¥twghruX[Z l jtw§ZbghdfrtX
d l q lbl q|W£^FqnrUghUjY³
exqTZ]gvdruX
J` l ^:gvZNZ]dw l `<qTZ]`fÂdfcYZqnghr)Z]U`pXbg <`dn[ÂfghrusY`_µaqfrus:jU?sUqTZ]`q l]l q|WYX< !² U` udTIdn'w#drZ l deUw_qfr
cJ`a^adPsUgª¥u`1s¶jUrtw#dfrtsYgªZ]gvdruqnehehW¨gvZb 6dnZ]d3qnrus¢w#dfrtsYgªZ]gvdruqnehehW¼gªZ]8Z]U`:±qn^agvehW¼dnAgvruXZ l juw#ZbghdfruX
 Xgxw#^a;<  %Ugxw:w_df^auq l `AZbU` Z]dfa`_eh`_^a`_r3ZX
dnJZbU` l jUrY³QZbgh^a`X[Zqfw­qnrtsc l qfruwqw_w#d l sUgvrUZbd
Z]U`,dfjYZw#d^:` :ghruqfevehWfÂPZ]U` l `q l `ghruX[Z l jtw§ZbghdfrtX+d l gvruUjYZZ]gvruaqfrus l `_Zbj l rUghrUTqfevjU`1X_ /² U`£XbWPrZqTµ
gxXXbjU^a^aq l gxXb`<sgvrZbu`,dfehevdTghrUZ]qncuev` 8
; Ï?Ö<>=@?@A
&   <%8 ; &$@4  	 +
3* &4 4&8  *= %  ;/%  &
 "
 8 8   /;3! 9 )/;<
∗
! 9  8 8  d  ujuX  k d ! ju
  rU`_  qsUs  Xjuc  ^jUevZ
 (ehdqs  (pXZbd l `"  ehdqs   XZbd l `"  gvruw"  
 `<+q lbl q|W ( l]l q|WPeh`_rUfZb  qnehdqfs  qfXZbd l `
 6dnZ]d /;
  Xghw_^a;< %/;
cond ∈ {eq, ne, lt, le, gt, ge}  gvruUjYZ Øl `#Z]j l r
	`_Zbj l r
¡°`«uq|`:eh`#¹ZdjYZZ]U`Fgvr3Z]` l ³Q l dYw#`1sYj l qne/qnrus°dcYm[`<w#Z³´d l gv`<rZ]`<s¢ehq|W` l Xdn+ZbU`FexqnrUjuqn`f «² U`
 l `1X`<rZ+ l qnf^a`<rZ gxXXj «w_gv`<rZ]evWLf`_ru` l qneJd l qTZ Z]U`£Xbqf^:`Z]gv^a`,gvehehjuX[Z l qnZbghrU:ZbU`,rUdT`_evZbgh`<X+dndfj l
qfU l dqw«qnrust` l d l ^`_µYt` l gh^a`_r3Z]X+dfrw#dYsY`,dfcUZ]qnghrU`1sF l df^¤w#d^aUgvexqTZ]gvdrLdf
03q||qXdj l w#`w_dYsY`f 
(pr `#µPZb`<ruXghdfr8Zbd&Z]U`adfcYm[`1w§Z³´d l gh`_r3Zb`1s¶exq|Wf` l +dfjUexs¢ct`FsYdrU`F^)juw°ghr8Z]U`«Xbqf^a`: q|W¶qfX£q lbl q|WYX
q l `)Z l `<qnZb`<s8U` l `f 4(w#` l Z]gª¥t`<s8XZ]qnZbgxwqfruqnehWYXgxXpd l dfcYm[`1w§Zb³Qd l gh`_r3Zb`1s®,03q|Tq+q l supcPWZ]`:w_dYsY` qfX
sU`<X]w l gvcJ`<sgvr  ~*´ 
² U`FcPW3Zb`Fw_dPsU`:exqnrufjuqff`:ghX,gv`_r qnr°dfJ` l qTZbghdfrtqne/X`<^Fqnr3Zbgxw_XZbtqTZdfJ` l qTZ]`<XgvZb  l df l qn^
XZ]qnZb`1X£dn Zbu`«d l ^
< pp, h, s, l >
U` l `
pp
ghXq¼ l df l qf^ tdgvr3ZZ]d¶cJ`L`#µY`1w#jYZ]`<s rU`_µ3Z1Â
h
ghXq
u`<qn°d l XZbd l ghrU¼qnehevdYw_qnZb`1s°q lbl q|WYX_Â
s
gxXqnr®dt` l qfrus X[Zqfw­?Âqfrus
l
gxX)qnr `<r3Pg l drU^a`_r3ZdnehdYw_qne
Tq l gxqncUeh`<X<  (pr8q l]l q|WFghXp^:dYsY`<eveh`<s&cPWqFuqng l w_dfruXbghXZbghrUFdfZ]U`)Xbg <`dn
Z]U`)q l]l q|W«qnrus¼q:jUrtw§Zbghdfr
Z]uqTZd l qafghf`<rghrusY`_µ l `#Z]j l ruX+ZbU`)|qfevju`X[Z]d l `<sqTZZ]uqTZghrusY`_µ?  ( Xbt`1w#gxqnez` lbl d l XZ]qTZ]` l]l d l ghX
jtX`1s«Z]dF^:dYsY`<e'`#µY`<w_jYZbghdfr&` lbl d l XughwU` l `q l gxX` l d^¤ghrusY`#µYghrUFqnr¼q l]l q|W:djYZ]XbgxsY`,gªZXctdjUrusUX< 
Val = num n | ref ref n ∈ Z, ref ∈ Location
Stack = Val∗
LocVar = Var → Val
Array = (length : Z) × ([0, length−1] → Val)
Heap = Location → Array⊥
State = (Ctrl × Heap × Stack × LocVar)
+ Error
² U`¼dt` l qnZbghdfruqfeX`<^Fqnr3Zbgxw_XagxX«sY`_¥urU`<s©Pgxq®q8Z l qfruXbgªZ]gvdr l `_exqTZ]gvdr
→
ct`_Z[A`<`_r X[ZqTZ]`<Xaghr¸q
XZ]qfrusUq l sL±qfXbUghdfr&qnrusghevezrudnZcJ`£`#µYUexqnghrU`<sgvr¼sY`_Z]qfgveQ  ( `_ l jUeh`<X dnZbu`sY`#¥urugªZ]gvdrdf
→
q l `
XbUdTrct`<evdT£ N² U`<W«ghevehjuXZ l qTZb`£sYg?` l `_r3ZqfXbt`1w§Z]X dfZ]U`£cPW3Zb`£w#dYsY`,exqnrUjuqn`&Pgvr&uq l Z]ghw_jUexq l UdT
q lbl q|WactdjUrus&wU`1w­PX q l `,J` l d l ^:`1sLu`_r¼qfw<w#`<X]XbgvrUaqnr&q l]l q|Wf 
Ï¹Ð±ÑÓÒ´Ô
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9 ;89
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 &49 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instrAtP(p1, Ipush n, p2)
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, If
X
icmplt p, p2) n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p, h, s, l>
instrAtP(p1, If
X
icmplt p, p2) ¬ n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p2, h, s, l>
instrAtP(p1, Iload x, p2) l(x) = num n
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P <p2, h, (num a[i]) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a ¬ 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P Error
² ughXsY`_Zb` l ^aghrU`<X Z]U`Xb`_^Fqnr3Zbgxw_X
JP K
dn









 l qf^%Xb`_^Fqnr3Z]ghw<Xq l `£gvr8f`_ru` l qnezjUrtw#df^aUjUZ]qncuev`ÂJw_df^aUjYZqTZbghdfrtXq l `sYdfru`gvr¢qnr¶qnctX[Z l qw§Z+d l ehs'Â
d l `#ZbZbghrU¶ l dfJ` l Zbgh`<X)ZbuqnZ:q l `rUdnZ:rU`_`1sY`<s d l Z]U`f` l gv¥tw_qnZbghdfrz  `_rtw#`qfr¦qnctX[Z l qw§ZsYd^Fqnghr
(
State],v],t],u],⊥State]





   r¼ZbU`aw#druw l `#Z]`+d l ehs'ÂJ l dfJ` l Z[W l `1w#gxXghdfr¼gxXp^adYsY`<eveh`<s¼gvZb
qatq l Zbgxqne'd l sY` l
v
±gvr¼dj l w#dr3Zb`#µPZ1ÂUZbu`)XjucuX`_Zuq l Zbgxqne!d l sY` l § o!dfghw<qne'evghrU­YXcJ`#Z[+`_`<r¼w#dfrtw l `#Zb`








gxXq;<&<;89   ' 





 +`<w_qfjuXb`+`£dfruevWFdYw_juXdrXbdfjUrtsYrU`<X]XdfZ]U`)qnctX[Z l qw§Zgvr3Z]` l  l `_Zb` l X<ÂPZbU`
w_ehqXbXbgxw,rUdnZ]gvdrdf6,qnehdfgxXw#drUrU`<w#Zbghdfr  &*gxXrudnZ^FqnrusuqTZbd l WU` l `f   ruXZb`1qfs&+` l `1ijug l `
γ
ZbdLct`)q
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² u`aAdYi¼XghfrtqTZbj l `cJ`_ehdT XbUdTX±uq l Zdf]ZbU`aXghfrtqTZbj l `)d l ehqnZZbgxw#`aXZ l juw§Z]j l `1X_ )(sY`#¥urugªZ]gvdr
df+qrU`_qncuXZ l qfw#Z,sUdf^Fqnghr8^juX[Z£ l dTPghsU`dt` l qnZbghdfruX=YÂ # YÂ 6 M qfrus 5APÂzZ]dff`_ZbU` l gvZb
 = ,ZbuqnZ ZbU`1X`,dfJ` l qTZ]gvdruX XbqnZbgxX[W«ZbU`, l dfJ` l Zbgh`<X 
 7%PÂ
* 5?Â	 6 M %3
  ++ @  M #&89 ;#  ( rPjU^)cJ` l dfAexqTZbZbgxw#`FdfJ` l qTZ]gvdruX`#µYgxX[Z,d l sU`<XbgvrUgvrurU`<qfcuXZ l qfw§Z£sYd^aqfgvrtX_  (pX,tq l Z,df
dj l w_` l Zbgv¥u`<s8X[ZqTZbgxw)qfruqnehWYXgxX l dnm[`1w§Z1Ât+`)uq|`)sY`<f`_ehdfJ`<s¼qLf`<rU` l ghwehqnZZbgxw#`evghc l q l WfÂJw#dfr3ZqnghrUgvru
ctqfXb`)exqTZZ]ghw_`<Xa¹¥trUgªZ]`:Xb`#ZX_Â'ghr3Zb` l TqnexX<Â < _ ¢qfrus8sUdf^Fqnghr8w#druXZ l juw§Z]d l X)±XbjU^&Â' l dYsYjuw§Z1Â?jUruw#Zbghdfrt
Z]uqTZ/J` l ^agªZq,w#d^atd3XgvZbghdfruqfeYsY`<Xbgvr)dfJrU`<IqfcuX[Z l qw§Z/sYdf^FqfgvruX
cPWw_df^)cugvrUghrUZbu`<Xb`+ctqfXbghw+cUehdYw­PX
ÓYy$Q   ¼d3X[Z dnZbu` l dPdn±XAdevehdT XZ]qnrtsUq l sLexqTZbZbgxw#`Zbu`_d l Wf :pdTA`<f` l Â3A`,gheve'gv``_µYqf^aUev`1X+dnq
eh`<X]XXZ]qnrtsUq l sLqfcuX[Z l qw§Z %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  #(& 
  	
²d¦sY`<^adfruXZ l qTZ]`¶dfj lLk   l qf^a`_+d l ­JÂ +`8sY`<f`_ehdf·qfr gvr3Z]` l |qfeqfruqnehWYXgxXad l ZbU`¢cPWZ]`8w#dYsY`
 l `1X`<rZ]`<s8gvr¨VP`1w§Zbghdfr U F² U`FXZ l `_rUfZb°dnAZbU`«qfruqnehWYXgxXghX£w_df^auq l qncuev`Zbd¼qnr°`#µYgxX[Z]gvrughr3Zb` l Tqne
Ï¹Ð±ÑÓÒ´Ô
      ; !9:&<;89 .& 7<8&<%   &49   &<%   79 ;89
	4 /9 &4 &49 9   yy
qfruqnehWYX`1Xd l UghfY³´ev`<f`<e
XZ l juw#Zbj l `<s8ehqfrUfjuqff`1X ×{'´  pdTA`<f` l Â?Z]ddcYZ]qfgvr8ZbU`«X]qn^a`: l `<w#gxXbgvdr¢qTZ
Z]U`c3W3Z]`w#dYsY`eh`_f`<e6Â3gvZ+uqXNZ]dcJ``_rUuqfruw#`1sFgvZb&qnrLqfcuX[Z l qw§ZAsUdf^FqnghrLdf:< 69:';49  ;2& $ &$@<   § 
¡°`¥ l XZ+sY`1Xbw l ghcJ`ZbUgxXArUdTf`<eu­PgvrtsFdn!qfcuX[Z l qw§ZsYd^Fqnghr &UVP`<w#ZbghdfrU vy`_µYUehqfgvrtXNghrLsY`#ZqnghehXUdT¸ZbughX
sUdf^FqnghrgxX juXb`<sZbda l `<w_ghXb`_ehW«^adYsY`_ezZbU`£` J`1w§Z]X df
w_dfrusUgªZ]gvdruqnexX_ 
 r3Zb` l Tqfe
qfruqnehWYXgxXjuXb`<XZbU`FXb`#Z
Intvl
dnAghr3Zb` l TqnexXdTf` l
Z = Z ∪ {−∞,∞}
Z]d¼qnU l d|µYgv^FqnZb`
rPjU^a` l gxw£i3juqnr3ZbgvZbgh`<X<   r¼dj l w_qX`ÂUghrZ]`_` l X |qfevju`<Xqfrus¼q l]l q|W«Xbg_`<Xpq l `,qfcuXZ l qfw§Z]`<scPWLghr3Zb` l TqnexX_ 
² u`,qfcuXZ l qfw§ZsYd^FqnghruX+d l Z]U`qnruqfevWYXbghX q l `,sY`#¥trU`<sghrghfj l `£U 
Intvl =
{
[a, b] | a ∈ Z, b ∈ Z, a ≤ b
}






Exp[Val]] = const n | var x | absval v] | neg e




LocVar] = Var → Val]




ghfj l `£ 8©² U`qnctX[Z l qw§ZsYdf^FqnghruX+d l gvr3Zb` l TqfezqnruqfevWYXbghX





`_µY l `1XbXbghdfruXdT` l ZbU`cuqfXb`qfcuX[Z l qw§ZsUdf^Fqnghr
Val]
dfAqncuXZ l qfw#ZpTqnehjU`<X<  (pr8`_µYqf^aUev`dnXbjuw8qfr
qfcuXZ l qfw§Z+`_eh`_^a`_r3Z ghX
binop + (var j) (const 42))
UgxwL`_TqfevjuqnZb`1XNZ]d)Z]U`ghr3Zb` l Tqne?dcYZ]qfgvrU`1sFcPW




  	`< l `<Xb`_r3ZbghrULqfcuX[Z l qw§ZpTqfevjU`1XcPW¼Xjtw8XWPr3Z]qw§Z]ghw£`_µY l `1XbXbghdfruXtqfXpqXghfrugª¥tw<qnr3Zpgh^auqfw#Zdfr
Z]U`p l `1w#gxXghdfradn?Z]U`qfruqnehWYXgxX±qfrusaU`<ruw#`dfraZbu`pw#` l Z]gª¥tw<qTZ]`<X/Z]uqTZ w_qfr:cJ`p`_rU` l qnZb`1su
cJ`<w_qfjuXb`gªZ
qfevehdTXpZbd l `1X` l `ghrYd l ^FqTZbghdfr¢dfcYZqnghrU`<s¼Zb l dfjU¶Z]U``<TqnehjuqTZ]gvdr8dn+w#dfrtsYgªZ]gvdruqne
`_µP l `1XbXbgvdruX< 
(+Z:Xdj l w_`Fev`<f`<e6Â
q&Zb`1X[Z:Xjuw¨qX $ghXq¶w#dr3Z l qnghrZdT` l Z]U`«JdX]XghcUeh`«TqnehjU`<X£df26Lqfrus 
Z]uqTZ+w_qnrFcJ`p l duqn3qTZb`1s)ghr3Zbd£Z]U`c l qnrtwU`<X/dfzqw#drusYgvZbghdfruqfetXZ]qTZ]`_^a`_r3Z1 
pdTA`<f` l ÂfqnZcPWZ]`pw#dYsY`
eh`_`_eQÂucJ`#d l `)Xbjuw¶qw#dfrtsYgªZ]gvdruqneQÂUZ]U`)`<TqnehjuqTZ]gvdr&XZ]qw­drUehWw_dfr3Z]qfgvruXpqFctdPdev`1qnrz ² U``#µYUehghw_gªZ
w_dfruXZ l qnghr3ZcJ`#Z[+`_`_rTq l ghqfcUev`1X 6qfrusgxX+evd3X[Z cJ`<w_qfjuXb`Zbu`_g l TqfevjU`1Xtq|f`Z]dcJ`UjuXbU`<sLdfr3ZbdZbU`
XZ]qw­¼ct`_d l `)Z]U`_W¢w_qnr°cJ`aw_df^auq l `1s' %XghrU¼XWPr3Z]qw§Z]ghw`#µY l `<X]XghdfrtXZ]d&qfcuXZ l qfw§Z,X[Zqfw­¶w_dfr3Zb`<rZ
`<ruqncuev`1X+ZbU`qfruqnehWYXgxXAZbd l `1w#druX[Z l jtw§Z ZbUgxXghrYd l ^FqTZ]gvdrz 




gxX,Z]U`Fd l sY` l dfAZ]U`FjUrusY` l ehWPgvruexqTZbZbgxw#`F`_µ3Z]`_rusU`<s¢Zbd&`#µP³
 l `1XbXbgvdruXNcPW«XZbghUjUexqTZ]gvrUZbtqTZ+Z[Ad:`#µY l `<X]XghdfrtXq l `pghr«Z]U`,d l sY` lAl `<ehqnZbghdfr«gv!Z]U`_WFtq|f`Z]U`£Xbqf^a`
Z]` l ^XZ l juw§Z]j l ` qnrts)gv?qfcuXZ l qfw§Z
TqnehjU`<X/qnZNqpgv`_r:Uehqw#`+gvr:Z]U`+Zb` l ^q l ` l `<ehqnZb`1s' 
 ¶d l `A l `<w_ghXb`_ehWfÂ
; Ï?Ö<>=@?@A
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3* &4 4&8  *= %  ;/%  &
Z]U`£d l sY` l
vExp
dn/XWPr3Z]qw§Z]ghw`#µY l `<X]XbgvdruX+ghX ghrusYjuw#Zbghf`<evWsY`#¥uru`<scPWFZbU`,devehdTghrU l jUeh`<X8
n = m
(const n) vExp (const m)
x = y










(neg e1) vExp (neg e2)
op1 = op2 e1 vExp e2 e3 vExp e4
(binop op1 e1 e3) vExp (binop op2 e2 e4)





ugvrU&Z]U`_^ Z]d¶X`_Z]Xdf+TqfevjU`1Xghr ZbU`w#dfrtw l `#Zb`FsYd^Fqnghr
Val
   Z)gxXsY`_¥urU`<s¨gvr°Zb` l ^FX)dn ZbU`«ZbU`
w_dfruw l `_Zbg<qnZbghdfrjUruw#Zbghdfr
γVal
d l Z]U`cuqX`)|qfevju`)sYdf^Fqfgvrz 7uj l ZbU` l ^ad l `fÂJXghruw_`£ZbU``#µY l `<X]XghdfrtX
^Fq|WFw#dr3Z]qnghrL l d l qn^|q l gxqncuev`1X_ÂZbU`£w_dfruw l `_Zbg<qTZ]gvdrFjUruw#ZbghdfrghX+uq l qf^a`#Zb` l gxXb`<sacPW«qnr`_rPPg l dfrU³
^a`<rZ
l ∈ LocVar
^FqfUUghrUaevdYw_qfe'Tq l ghqfcUev`1X+ZbdFw#druw l `#Z]`,|qfevju`<X< 
γl : Exp[V al]] → ℘ (Val) with l ∈ LocVar
γlExp (const m) = { (num m) }







γlExp (neg e) =
{
(num (−n)) | (num n) ∈ γlExp(e)
}
γlExp (+ e1 e2) =
{





(num n1) ∈ γ
l
Exp(e1)





gvj l `,~ 8¸Adfrtw l `#Zbg<qnZbghdfrLjUruw§Z]gvdr&d l
Exp[V al]]
ghfj l `a l dTPghsU`<Xqnr8`_µUqn^aUeh`dfZbu`: l `1w#gxXghdfr8XbddfcYZqnghrU`<s' :² U`:¥ufj l `:w#dfr3ZqnghruX,q 03q|Tq
w_dYsY`XbrUghUt`_Zqnrus¼gvZ]X,w_df^aUghev`1s¶f` l Xbghdfr¼ghr8cPW3Zb`aw#dYsY`fÂ'qfrUrUdnZqTZ]`<s¶gvZb°qnr¶ghr3Zb` l Tqne/w_` l Zbgv¥tw_qnZb`f 
+`_d l ``_µP`1w#jYZ]gvruaZbU`£ghruXZ l juw§Z]gvdr
 8 6,7-464 5-+0%'  
Z]U`£X[Zqfw­«w_dfr3Z]qfgvruXAZ]U`qncuXZ l qfw#ZA`<ev`<^:`<r3Z]X







	 Z]U`qfruqnehWYXgxXw<qnrLsU`<sYjuw_`pZ]uqTZ qTZ+ZbU`dfehehdTgvrU)gvruXZ l juw#ZbghdfrzÂ
 FghX rU`1w#`1XbX]q l gvehWFcUghf` l Zbtqnrd l `<i3juqfe?Zbdu 
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VPdfj l w_``_µYqf^aUev`
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ghfj l ` 8 (pruqnehWYXgxX `#µUqf^:uev`
; Ï?Ö<>=@?@A
y<~   <%8 ; &$@4  	 +
3* &4 4&8  *= %  ;/%  &
 	 ² U` w#dfrtX[Z l juw#Zbghf`A l dPdf±XdftXZ]qnrtsUq l sexqTZbZbgxw#` X[Z l juw#Zbj l `<X ± l dYsYjtw§Z<ÂnjUruw§Z]gvdr:Xbuqw#`fÂ
ehgv¹ZbghrU3!q l `Nfghf`<r£gvrÓn*Q 
² U`AqfcuXZ l qfw§Z!sUdf^FqnghrdnuXbWPr3Z]qfw#Zbgxw/`#µY l `<X]XbgvdruX'gxX!qexqTZbZbgxw#`AdfcYZqnghrU`<s,cPW
`_µPZb`_rtsYgvru)Z]U`m[dgvrqnrusL^a`_`#Z dfJ` l qTZ]gvdruXAUdf^adf^ad l Uughw<qnehevW:dTf` l Zb` l ^FX< /² U`^FqwUgvru`#³ØwU`<w­`<s
 l dPdnghXq|TqfgvexqncUeh`dfrY³´evghrU`hy *
² U`:^Fqnghr l `<XbjUevZehgvrU­PghrUZbU`aqncuXZ l qfw#ZXZ]qTZ]`)Z]d«Z]U`dt` l qnZbghdfruqfeXb`_^FqfrZ]ghw<XpXZ]qnZb`<XZ]uqTZZbU`
w_dfruw l `_Zbg<qnZbghdfr®jUrtw§ZbghdfrId l qfcuX[Z l qw§ZFX[ZqTZ]`<X:ghXaq°^a`_`_Z³´^:d l uUghXb^ dnehqnZZbgxw#`1X_ ©² UgxX l `1XjUevZaghX
ru`_`<sU`<sd l ZbU`:w#d l]l `<w§Z]rU`<X]X  l dPdn
dn
ZbU`qncuXZ l qfw#Zgvr3Zb` l  l `_Z]qTZ]gvdr¼sY`#¥uru`<s&ghr&ZbU`)dfehevdTghrU«Xb`<w§³
Z]gvdrz Noz`_Z
Mem = Stack× Heap × LocVar
Mem] = Stack] × LocVar]
qfrus¦XbjUUJdXb`Lgv`_r¦w_dfruw l `_Zbg<qnZbghdfr®jUrtw§ZbghdfrtX)d l qfcuXZ l qfw§Z:TqnehjU`<X:qnrus¦`_rPPg l dfru^:`<r3Z]XdnpehdYw_qne
Tq l gxqncUeh`<X<Â
γVal ∈ V al
] → ℘(Val),
γLocVar ∈ LocVar
] → ℘(Heap × LocVar)
)»'*,+,-  -±À.+  15/  +&3;< ;4.&49 
=9   @  ;49   
γMem ∈ Mem
] → ℘(Mem)
  %& &<% 78
γMem(e1 :: · · · :: en, l
]) =
{







Exp(e1), . . . , vn ∈ γ
l
Exp(en)
(h, l) ∈ γLocVar(l
])
}
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² u`°qfcuX[Z l qw§Z&sYdf^FqnghruXsY`#¥trU`<sSgvr ZbU`° l `_PghdfjuXX`1w§Z]gvdr·d l ^ ZbU` cuqXgxXdfr ughwSA`°rUdT
w_dfruXZ l juw#Zw#d lbl `<w#ZbrU`1XbX£ l dPdn±X)dn l dPdn¹³ØwU`<w­` l X_ &² U`1X` l dPdfwu`<w­f` l XgveheAcJ`sU`_f`<evdt`1s®ghr
qw#druXZ l juw§Z]gv`^FqnrurU` l juXbgvruLZ]U`FqncuXZ l qfw#ZghrZ]` l  l `#Z]qnZbghdfr¢^:`_ZbUdYsYdevdfW )² U`a`_rus l `1XjueªZ£gxXq
 l dPdn exqn^cJsUq3Zb` l ^¤Z]uqTZpw<qnrct`Xb`_r3ZqfXqaw_` l Zbgv¥tw_qnZb`,gªZ]¼qa l dtd3X`1s« l dPdn
wU`<w­` l  
² U`LZbU`<d l W¢dfpqncuXZ l qfw#Zgvr3Z]` l  l `_Z]qnZbghdfr  &+`_µYUehqfgvrtXUdT¤q¶w_d l]l `1w§Z)qfU l d|µPgh^FqTZ]gvdr°dfZbU`
Xb`_^FqfrZ]ghw<X
JpK
df+q l df l qn^
p
w_qfr8cJ`Fw#df^aUjUZb`<s¢juXbgvru&qfr¢qfcuX[Z l qw§ZjUruw#Zbghdfr
F ] ∈ State] →
State]
 N² u`_d l `_^Y hy l `<w<qnehehX+Z]U`w#exqfX]Xgxww#d l]l `<w§Z]rU`<X]X w l gªZ]` l gvdr«d l
F ]
 
 »PÀ  »  1 3  &4   ." 

p
  % @  ;89   
F ] ∈ State] → State]
 
F ]
89    &$
∀s] ∈ State], S0 ⊆ γ(F
](s]))
6f
∀s] ∈ State], ∀s1, s2 ∈ State,
s1 →p s2 ∧ s1 ∈ γ(s
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∀s] ∈ State], F ](s]) v] s] ⇒ JpK v γ(s])
p`_ruw_`qfeve JdXZ³Q¥UµYtdgvr3Z]Xdn
F ]
q l `w_d l]l `1w§ZqfU l d|µYgv^FqTZ]gvdruXdf
JpK
 ¦² ughX:gxXqfr¦`<X]Xb`_r3Zbgxqne
 l dt` l Z[Wad lk  8PZbd«wU`1w­aZbuqnZpqnr&qncuXZ l qfw#Z+`<ev`<^a`_r3Z
s]






 rZbu`devehdTghrUuÂP+`,XbJ`<w#gxqnehgxX`ZbughX+Z]U`_d l WFZ]daehqfrUfjuqff`1XU` l `Z]U`£X`<^aqfr3Zbgxw_XsYd^aqfgvrghXq
Xb`#Zdf l `<qwuqncUeh`,X[ZqTZb`1X_ÂY^FqsY`,dn
uqng l X w_dfr3Z l dfe'Jdfghr3Zqfrus^a`_^ad l W 8
State = Ctrl × Mem.
(pr¦qnctX[Z l qw§Z)ghr3Zb` l  l `#Z]` l w_df^aUjYZ]`<X)^:`<^ad l W¢ghrP|q l gxqnr3ZX)qTZ`<qfw¨w_dfr3Z l dfeAtdgvr3Z:dnpq¼ l df l qf^& 
(pr qncuXZ l qfw#ZFsUdf^Fqnghr
Mem]
gvZb q ehqnZZ]ghw_`¶X[Z l juw#Zbj l `¼gxX«sY`#¥trU`<s¸qnrts¦Z]U`¶^a`_^ad l W¨ l dt` l Z[W
l `_ l `1X`<rZ]`<s8c3W¢qnr¢qfcuXZ l qfw§Z£^a`_^ad l W
m]
gxX,fghf`<r¢cPW¶q&w#druw l `#Z]g 1qTZ]gvdr¶jUruw#Zbghdfr
γ : Mem] →
℘(Mem)
  Ud l q¦ l d l qn^ gªZ]
n
w_dfr3Z l dfetdgvr3ZX«Z]U` l `<XbjUevZdfZbU` qnrtqnehWPXbgxX«gxXqfr rY³QZbjUuev`



























q l `,w#d lbl `<w#Z qfU l d|µYgv^FqTZ]gvdruX+dn
JpK
 
(f` l WLqnZZ l qfw#Zbghf`,`1qTZbj l `£dfZ]U` k  qfU l dqwgxXZ]uqTZZ]U` l dYsYjuw_` l gxXgv`_rZbU`)uq l sY` l
ZqfXb­)df'Xb`<q l wugvrUd l q£ l dPdn?Ugveh`Z]U`pw#druXbjU^a` l gxXNeh`#¹ZgvZbaZ]U`Xbgh^:uev` l Z]qX­dnzwU`<w­PghrU,ZbughX
 l dPdn[ drU`#Z]U`_eh`<X]X_Â|Z]U` Xjuw<w#`1XbXdn k  sY`_J`_rtsUXdfr)udT®`<qfXbW,gªZ
gxX!Z]dqfjYZbd^FqTZb`ZbU` `_rU` l qnZbghdfr
df l dPdf±X_   r®f`<rU` l qneQÂzZ]UghX l dYw#`<X]X,gxXf` l W°sYg Fw_jUevZ< ¶² U`Lw_dfruXZ l qnghr3Z]X,gh^atd3X`1s c3W XZ]qnrtsUq l s
k   l qn^a`_+d l ­YX^aqf­f`+Zbu`XgvZbjuqnZbghdfr:`_`_r:Ad l Xb`f   rusY`_`1s'ÂfcJ`<w<qnjuXb` k  l `1i3jUg l ` q, l dPdfuZb` l ^&Â
Z]UgxX£ehq l `_ehW&d l cUgxsUX,Zbu`«sYg l `<w#Z l `<juXb`:df+d t³QZbu`#³ØXU`<eª  l dTf` l X:d l sY`<w_ghXbghdfr° l dYw_`<sYj l `<XUgxw
WPgh`_exsLqWf`1X TrUdqfruX+` l   (Xq l `<XbjUevZ<ÂYq k ¸Xb`<w#j l gvZ[WFtdevgxw#WFdf¹Zb`<r l `<i3jUg l `1X`<gªZ]U` l Zbd:uqfrusUw l qT¹Z
qaXbt`1w#gxqnehghXb`<s l dTf` l d l ZbdauqTZw¼q`_rU` l qfe? l dT` l ZbdF`_rU` l qnZb`,q:w_dfrPf`<rUgh`_r3Z l dPdf!Zb` l ^& 
 rdfj l w#dfr3Z]`#µPZ<ÂZbU` l ``#µYgxX[ZXAq)f`_ru` l ghwd t³QZbu`#³ØXU`<eªz l dT` l Z]uqTZ+¥UZ]XAdfj l sY`<^FqnrusUX8
qncuXZ l qfw#Z
ghr3Zb` l  l `#ZqTZ]gvdr¦w#d^:`1XaqnehdfrU°q¶f`<rU` l gxwLgh^aUev`<^a`_r3Z]qnZbghdfr¨Z]`<wUrughi3jU` rtqn^a`_ehW ;/ 9  ; $+ ! /9
!9 &89   t ( XbdfjUrus«td3X[Zb³6¥UµYJdfghr3Z
(m]1, . . . , m
]
n)
ghXAgªZ]` l qTZ]gv`_ehW:w_df^aUjYZ]`<s«cPWFXbjuw_w_`<X]Xghf`pqfU l d|µP³
gh^FqTZ]gvdruX:jUr3Zbghe+gvZF`_`_r3ZbjuqfevehW f` l gv¥u`<X:qnehe+ZbU`¼w_dfruXZ l qnghr3Z]X~3)gh^:JdXb`<sIcPW ZbU`&qnrtqnehWPXbgxX_ ¨² U`
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Y FVYdf^a`adnZ]U`<Xb`Fw#druX[Z l qfgvr3ZXq l `: l `<Xb`_r3Zb`1s¶ghr6ghfj l `a}U 
ud l `_µYqf^aUev`ÂYUjuXbUghrU:ZbU`w_dfruXZ]qfrZ
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dfrZbU`XZ]qw­Ff`<rU` l qTZ]`<XAZbU`w_dfruXZ l qnghr3Z
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8
• JeK↑]expr (l
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{j 7→ [−∞, +∞]; i 7→
[100, 100]}
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J(binop + (var j) (var i))K↑]expr




11) = [3, 3]
 ² U`ctqfw­P+q l sqnruqfevWYXbghX
dftZ]U`w#drusYgvZbghdfr
>
ghX£qfcUeh`Z]d l `_¥urU`:ZbU`:¥ l XZ,ghr3Zb` l Tqne8
J>K↓]comp ([−∞, +∞], [3, 3]) = ([4, +∞], [3, 3])
 F² U`_r
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J(binop +
(var j) (var i))K↓]expr ([4, +∞])(l
]
11) = {j 7→ [−96, +∞]; i 7→ [100, 100]}
 ¶² U`Lghr3Zb` l `1X[Z]`<s
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² ughXgxXXZ]qTZ]`<sd l ^FqnehevW«qX+dfehevdTX8
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icmplt p, p2) m
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icmplt p, p2) m
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gen   cstr(P )














∈ gen   cstr(P ), Stp w fp(St)
9 +&8 
JP K ⊆ γP (St).
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 
 % .
   2" 
 &   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² u`£ l dPdfdf
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qnrus&`<ruXbj l `1XZ]uqTZrUdL` lbl d l XZ]qnZb`)w<qnr¶cJ`
l `<qwU`<s¢cPW°q¶dfrU`_³´XZb`<¢Z l qfruXbgªZ]gvdr°djYZ)df+Z]U`LXZ]qnZb`LqnZw#drZ l deNJdfghrZ
p
  Ud l `#µUqn^aUeh`fÂghr®ZbU`




ÂUA`£wU`1w­FZbtqTZZbu`qncuXZ l qfw#Z+^a`_^ad l W
m]
qnZZ]qwU`<sLZbd:Z]UghXtdgvr3Zf` l gv¥u`1X
∀ (h, (num i) :: (ref ref ) :: s, l) ∈ γ(m]),
h(ref ) = a ⇒ 0 ≤ i < a.length
² u`,w_d l]l `1XJdfrtsYgvru
checkIaload
juruw§Z]gvdr¼ghX U`<ruw#`£df!Z]U`,d l ^
checkIaload
(











y'&   <%8 ; &$@4  	 +
3* &4 4&8  *= %  ;/%  &






















Z]da`<qfw&w#dr3Z l dfe?tdgvr3Zdfqa l df l qf^u` l `,qfr
Iaload
ghruXZ l juw§Z]gvdrgxX djUrus' 
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St
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JP K   ,!&' JP K ⊆ γ(St)  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∀(p, check) ∈ gen   AbSafe(P ), check(St(p)) = true
9 +&8 
JP K ⊆ Safe(P )
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∈ gen   cstr(P ), Stp w fp(St)
Qf
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St
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∀(p, check) ∈ gen   AbSafe(P ), check(St(p)) = true
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JP K ⊆ SafeP
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Approx(P,St)
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Target(c) = p ∧ p′ ∈ Dep(c)
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#(p1)); . . . ; Assign(pn, S
#(pn));
Eval(p1); . . . ; Eval(pn)
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